Increased availability of data and accessibility of computational tools in recent years have created unprecedented opportunities for scientific research driven by statistical analysis. Inherent limitations of statistics impose constrains on reliability of conclusions drawn from data but misuse of statistical methods is a growing concern. Significance, hypothesis testing and the accompanying P-values are being scrutinized as representing most widely applied and abused practices. One line of critique is that P-values are inherently unfit to fulfill their ostensible role as measures of scientific hypothesis's credibility. It has also been suggested that while P-values may have their role as summary measures of effect, researchers underappreciate the degree of randomness in the P-value.
Introduction
Poor replicability has been plaguing observational studies. The "replicability crisis" is largely statistical and while there are limits to what statistics can do, a serious concern is misapplication of statistical methods. Significance testing and P-values are often singled out as major culprits not only because these concepts are easy to misinterpret but for purported inherent flaws. It has been suggested that variability of P-values is underappreciated in the sense that when a small P-value is obtained by a given study, researchers commonly suppose that a similarly designed independent replication study is likely to yield a similarly small P-value. Great variability of replication P-values casts doubt on validity of conclusions derived by a study at hand and implies lack of confidence in possible outcomes of any follow-up studies. It has been suggested that in reality one should expect a great uncertainty in what replication P-value will be and special prediction intervals for P-values ("P-intervals") have been employed to characterize that uncertainty. [1] [2] [3] [4] [5] P-intervals have been presented as an objective measure of P-value variability, as opposed to subjective judgements reported by researchers in surveys, with the conclusion that the subjective estimates are too narrow and therefore researchers tend to underestimate randomness of replication P-values. 2 While P-intervals have been used mainly as a tool to elucidate flaws of P-values, they have also been promoted as important additions to P-values themselves in publications supportive of P-values as being useful and universal summaries of statistical tests. It has been suggested that P-intervals improve P-value interpretability, especially in large-scale genomic studies with many tests and other studies utilizing modern high-throughput technologies. 4, 5 The distribution of P-value and thus its variability is easily characterized analytically for the basic test statistics and depends on a measure of effect size such as the value of the relative risk (RR) of disease given exposure vs. nonexposure to a pollutant. Effect sizes themselves can be thought as arising from a distribution, e.g., see Equation 11 in Kuo et al. 2015, 6 in which case the P-value distribution becomes a weighted average, i.e., a marginal distribution over all possible values of the effect with their respective probabilities as weights. The idea behind the P-intervals is that even without such "prior" knowledge on possible values of the effect size, one can take at face value the magnitude of an obtained P-value (P obt ). In other words, there is information about the magnitude of the effect size contained in the magnitude of P obt which can be used to make predictions about a P-value obtained in a replication study, denoted as P rep .
The following quote from Cumming, 2008 1 gets to the heart of the matter succinctly: "This article shows that, if an initial experiment results in two-tailed p = .05, there is an 80% chance the one-tailed p value from a replication will fall in the interval (.00008, .44) [...] Remarkably, the interval -termed a p interval -is this wide however large the sample size." An equivalent statement appears in a Nature Methods letter by Halsey and colleagues: "regardless of the statistical power of an experiment, if a single replicate returns a P value of 0.05, there is an 80% chance that a repeat experiment would return a P value between 0 and 0.44." 3 Both statements make use of a specific value, P=0.05 for which the interval is constructed and the endpoints of that interval are described explicitly as probability bounds for possible values of replication P-values. However, these Pintervals are derived as classical prediction intervals based on the normal test statistic (Z-statistic) and as such only provide long-run β% coverage, meaning that β% of P-intervals constructed around different values of P obt over a large number of studies would contain the respective replication Pvalues. It is important that by construction, the coverage is guaranteed as an average over many studies only without any restrictions on the value of P obt .
Once a P-interval is constructed for a particular P obt , its endpoints cannot be interpreted as statistical bounds for a replication P-value, unless specific conditions are met regarding the likelihood of all possible values for the standardized effect size, such as the difference between two sample means over the standard deviation, δ=(µ 1 − µ 2 )/σ. If one took a large collection of observational studies and had access to the actual, population values of δ, then the distribution of these values would have had the variance that we denote by s 2 0 . When a P-interval is constructed assuming the sample size N , its endpoints can be interpreted as probability bounds for P rep only when N × s 2 0 approaches infinity. This is equivalent to the assumption that the expected value of the Z-statistic for a randomly selected study of size N can be anywhere from −∞ to ∞ with equal probability.
How large can N × s 2 0 be assumed to be realistically? Genetic epidemiology and other observational studies routinely test hypotheses that can be viewed conceptually as a comparison of two sample means. Exposure to an environmental factor or genetic effect of a locus on susceptibility to disease are examples where the presence of effect implies a difference in mean values between subjects with and without disease. In these examples, the effect size can be measured by the log of odds ratio, log(OR). Expecting the majority of effect sizes to be small and the direction of effect to be random, log(OR) can be described by a zero-centered, bell-shaped distribution. to selection bias and multiple testing phenomena. We contrast the performance of the traditional P-intervals relative to the Bayesian-based prediction intervals using results from the Psychiatric Genomics Consortium (PGS) 4 and conclude with a discussion of the implications of our findings.
Methods Prediction intervals
The P-interval can be obtained as a classical prediction interval for the normally distributed test statistics, (Z-statistics). The prediction distribution for the statistic Z rep that relates to the one- 
and the prediction distribution for Z rep is Φ(θ, 1+s 2 ). Thus, the P-interval based on the distribution Φ(z obt , 2) is a Bayesian interval that implicitly assumes that N × s 2 0 → ∞. We refer to the resulting intervals as the Conjugate Bayes intervals. The endpoints of these intervals are given by
where z (1−α/2) is the 1 − α/2 quantile of the standard normal distribution and σ 2 0 = N s 2 0 . The conjugate model is restrictive in that a specific prior distribution has to be assumed, which may not provide an adequate representation of external knowledge about the effect size distribution.
It also limits construction of the intervals to P-values derived from statistics for which there are known conjugate priors. Here, we introduce a much more flexible approach, the Mixture Bayes, without these restrictions. The Mixture Bayes intervals can be constructed for P-values derived from statistics whose distribution is governed by a parameter γ that captures deviation from the usual point null hypothesis, H 0 , and has the form √ N × δ or its square, N × δ 2 . This includes normal, chi-squared, Student's t and F-statistics. We partition the prior distribution of γ into a finite mixture of values δ 1 , δ 2 , . . . , δ B with the corresponding prior probabilities, Pr(δ i ). As an example, let P-value be derived from an F-test for comparison of two sample means, with the corresponding sample sizes n 1 and n 2 . Let N = 1/(1/n 1 + 1/n 2 ). For i-th prior value of effect, a statistic based on sampling values of T = (X 1 −X 2 ) 2 /σ 2 has a noncentral F distribution, with the noncentrality
and the degrees of freedom df 1 = 1, df 2 = n 1 + n 2 − 2:
where f is the density of the noncentral F-distribution. The posterior distribution is a mixture,
with the posterior mean
Next, we obtain the CDF of the prediction distribution for the replication statistic, T rep , as
Then, the Mixture Bayes interval endpoints are derived from the quantiles of this CDF, that are
Prior variance for the standardized logarithm of the odds ratio Genetic epidemiology and other observational studies routinely test hypotheses conceptually related to a comparison of two sample means. Effect size is often measured by the log of odds ratio, which can be related to the difference in means (that become frequencies, p 1 and p 2 , in the case of binary
, wherep is the pooled frequency. Distribution of P-values for commonly used test statistics depends on the product of the sample size, (N or √ N ), and a measure of effect size, µ, scaled by the variance σ 2 (or σ), i.e. δ = µ/σ. For example, when the outcome is a case/control classification and the predictor is also binary, the standardized effect size can be expressed in terms of the correlation (R) times the sample size as follows:
where v is the proportion of cases in the sample. In terms of the logarithm of the odds ratio, OR,
For a given value of OR, the standardized effect size δ cannot exceed the value δ max (OR) that we obtained by maximizing the right hand side of Equ. (12) as:
Let F −1 (· | µ 0 , s 2 0 ) denote the inverse CDF of the conjugate prior distribution. Writing Pr(OR ≥ x) = β and assuming a symmetric distribution of the effect size around zero, i.e., m 0 = 0, we can relate the value δ max to the prior variance of the conjugate model in the following way:
The maximum spread for the conjugate prior distribution is therefore obtained when its variance is equal to
It should be noted that Equ. 14 gives the maximum δ value for a given value of OR, however it is not monotone in OR. The maximum possible value of δ max (OR) can be found to be at OR ≈ Using the same approach, Chen et al. 7 provided the effect size distribution for the bipolar disorder (BP) risk loci. Assuming the total number of independent variants to be M =300 000, proportions of associated loci are w i = L i /M . We assumed the average OR among non-associated loci to be 1.005 (or its inverse for the negative part of the log(OR) distribution). The variance s 2 0 was
, and gave the value ≈ 5 × 10 −6
for both cancer and the BP disorder risk loci. Thus, N needs to be about 50 000 for s 2 0 × N to reach 1/2.
Results Table 1 summarizes the empirical coverage probabilities of the 80% prediction intervals for a standardized effect size √ N × δ under different types of P-value selection (simulation study set up is detailed in Supplementary Information). The observed P-value was based on a two-sample Z-test and was thresholded according to the following selection rules: (i) no selection, i.e., a prediction interval is constructed for a randomly observed P-value; (ii) selection of P-values around a value, e.g., P ≈ 0.05, i.e., prediction intervals are constructed only for P-values that were close to the 5% significance level; (iii) selection of P-values that are smaller than a threshold, e.g., P < 0.05.
The empirical coverage was calculated based on 50 000 simulations using three different methods: if a prediction interval is calculated for a randomly observed P-value ∈ [0, 1]. However, selection and small prior variance both impair performance of P-intervals. For instance, if an interval is constructed for a P-value < 0.001 and σ 2 0 = 0.25, the coverage of the traditional non-Bayesian P-interval may be as low as 17%. Even for large values of prior σ 2 0 , the P-interval has poor coverage when constructed for P-values around genome-wide significance levels (e.g., P-value < 1.5 × 10 −7 ).
Similar conclusions regarding the coverage can be drawn if a prediction interval is constructed for the most significant P-value out of L tests (Table 2) . Specifically, both Bayesian methods have the correct coverage and are immune to the selection bias. The non-Bayesian P-interval approach, however, once again performs poorly if the prior variance is small. Additionally, as the number of tests increases, out of which a minimum P-value is selected, the P-interval coverage is becoming increasingly off the 80% mark.
We next explored the effect of prior variance mis-specification on the coverage of the Bayesiantype prediction interval when it is constructed for the most significant result out of L tests. Two scenarios were considered: under-specification (σ 2 0 /2) and over-specification (2σ 2 0 ) of the prior variance σ 2 0 = N s 2 0 . The results are summarized in Table 3 and indicate that in terms of the coverage it is safer to over-specify values of the prior variance than to under-specify them. The conjugate model with m 0 = 0 gives the intervals in the following form
indicating that σ 2 0 values that are too small pull the interval mean excessively toward zero while at the same time reducing its proper length.
Unlike the regular Bayesian model, our Mixture Bayes approach is not limited to conjugate priors and prediction intervals can be constructed for any P-value stemming from statistics other than the normal Z-test. Additionally, the Mixture Bayes approach allows the use of any prior distribution and enjoys the same coverage properties as the conjugate-Bayes prediction intervals, that is, resistance to multiple testing and selection bias (Supplementary Tables S1 and S2 ).
To illustrate the interpretation of the prediction intervals, we replicated part of Table 1 Table 4 summarizes the results. Due to our usage of intervals for one-sided P-values in the last column of our Table 4 , there is a discrepancy with the prediction intervals given in Table 1 of Lazzeroni et al. For instance, for the ADHD disorder, Lazzeroni and colleagues provided prediction interval bounds of (0.00, 4.29). These values can be easily recovered from Table 4 by subtracting logarithm based ten of two from both prediction interval bounds (e.g., 4.29 = 4.59 − log 10 (2)).
For all psychiatric disorders, lower bounds of the 95% prediction intervals for P-values based on the approach suggested by Lazzeroni et al. 4 are smaller (or larger in terms of the -log 10 (P-value) interval) than the ones from the Bayesian-based methods. For instance, Lazzeroni and colleagues concluded that in a similarly powered replication of the original PGC design, a P-value for an association between rs2535629 and ADHD could be as low as 2.5×10 −5 , given the observed P-value of 0.1005. Our interval results portray a less optimistic picture with the P-value lower bound for ADHD equal to 0.02. Similar observations hold for psychiatric disorders with significant observed P-values. For example, in Lazzeroni et al. the bipolar disorder is concluded to be likely to yield a P-value < 10 −8 for rs2535629, reaching genome-wide significance at a replication study. Mixture
Bayes prediction interval based on the reported effect size distribution 7 suggests a higher lower bound for the BP replication P-value of 6.9 × 10 −7 . The difference highlights the implicit prior assumption built into the P-intervals that large effect sizes are as likely as small a priori.
Nonetheless, similar to conclusions in Lazzeroni et al., the association of rs2535629 with BP appears to be a promising signal. Also, similarly to the conclusions in Lazzeroni et al., the combined study of all psychiatric disorders is predicted to perform better than replication studies of individual phenotypes.
While it is expected that different diseases would have different effect size distributions, we wanted to check the robustness of our results to prior mis-specification and utilized available effect size distribution given in Park et al. 8 for cancers. This assumes that the effect size distribution in terms of odds ratios has common main features for different complex diseases, namely, that it is L-shaped with the majority of effect sizes that can be attributed to individual SNPs being very small, and that the frequency of relatively common variants with increasingly large values of OR quickly dropping to zero for OR as large as about 3. The modified intervals are reported in Table   5 . While Mixture Bayes intervals become somewhat different from those derived using the effect size distribution for BP, their bounds are much more similar to each other than to the bounds of P-intervals. Here, we focused specifically on variability of P-values in replication studies. We examined implicit prior assumptions of previously suggested methods and detailed how these assumptions can be explicitly stated in terms of the distribution of the effect size. As an intermediate step of our approach, fully Bayesian posterior distributions for standardized parameters, such as (µ 1 − µ 2 )/σ, are readily extractable from P-values that originate from many basic and widely used test statistics, including the normal Z-statistics, Student's t-test statistics, chi-square and F-statistics.
Discussion
Our results show that while P-intervals are derived without the explicit assumption that all effect sizes are equally likely, such a "flat" prior is assumed implicitly and leads to bias when in reality the effect size distribution is modeled more realistically, allowing only a small chance to encounter a large effect size and supposing that the majority of effect sizes would be small. Many observational studies seeking associations of health outcomes with environmental exposures and genetic predictors can be viewed conceptually as a comparison of two sample means, δ = µ 1 − µ 2 .
Presence of a true association in such studies implies a certain difference in mean values of exposure between subjects with and without disease. In such examples, the prior variance reflects the prior spread of the mean of a test statistic, which usually can be related to the spread of the standardized mean difference. The prior spread in units of standard deviation cannot be very large, especially in the fields of observational sciences, that are currently at the focus of the replicability crisis.
For example, assuming that effect sizes with the odds ratio (OR) greater than three are relatively rare (1% occurrence rate), the prior variance for ln(OR)/ Var(ln(OR)) is about 0.01 at its largest possible value (Equ. 15) and would typically be smaller.
As we show here, setting the mean of the prediction distribution to z obt in the construction of P-intervals is equivalent to assuming that any possible value of √ N × δ is equally likely. This covers the entire real line (−∞, ∞) and can be an extremely strong assumption to make in many epidemiological contexts. As a consequence, interval statements obtained with P-intervals become invalid when applied to a particular value or a range of P-values (e.g. 0.049 < P obt < 0.051) and result in biased intervals. The (1−α) nominal coverage of P-intervals can be Bonferroni-adjusted 4 for L tests as (1 − α/L) and while that procedure can restore the long-run coverage property, the endpoints of such intervals would still lack interpretation as probability bounds for a replication P-value. On the other hand, Bayesian prediction intervals that acknowledge the actual variability in the possible values of the effect size do depend on the sample size and have correct coverage regardless of whether a selection of P-values is present. Reanalysis of the intervals reported by Lazzeroni and colleagues 4 shows that P-intervals can be substantially different from Bayesian prediction intervals, even when sample sizes are very large (Table 4) . These results also reflect discrepancies obtained with the direct, "as is" usage of the estimated prior distribution in the Mixture Bayes approach and an attempt to approximate this distribution by the conjugate prior with the same variance.
Endpoints of the conjugate intervals on the log scale are comparatively shorter and highlight lack of flexibility inherent in the conjugate approximation to the prior: allowance for a large fraction of effect sizes to be close to zero makes the tails of the conjugate distribution too thin. The estimated prior distribution used by the Mixture Bayes approach is more fat-tailed and is also asymmetric due to a high proportion of minor alleles that carry effects of the positive sign.
Bayesian prediction intervals require informed input about various values of the effect size and their respective frequencies. This is not impossible. We know, for example, that in genetic association studies, the squared effect size distribution is L-shaped, where the majority of genetic effects across the genome are tiny and only few are large. We should contrast such a prior distribution, even if specified only approximately, with a largely unrealistic assumption implicit in P-intervals.
When the assumed prior distribution does in fact follow reality, Bayesian prediction intervals enjoy the property of being resistant to the winner's curse. One can select P-values in any range and obtain unbiased intervals or select the minimum P-value from an experiment with however many tests: the resulting interval would still be unbiased without the need of a multiple-testing adjustment to its coverage level. P-intervals are a special case of our Mixture Bayes intervals, and can be obtained by specifying the prior distribution for δ as a zero-mean normal with the prior variance
is very large. When P-values are selected based on a cut-off value or their magnitude, P-intervals can still be a poor approximation to a distribution with σ 2 0 as large as 10. For example, the last row of Table 2 demonstrates that P-intervals are still biased for σ 2 0 = 10 in terms of the coverage when constructed for the minimum P-value taken from multiple-testing experiments with 10,000 tests. Multiple-testing on the scale of genome-wide studies would further degrade the coverage of P-intervals. Using the commonly used asymptotically normal statistic for odds ratio as an example, we emphasize that the standardized values δ can be bounded, and in this case, the bounds (L,U ) are approximately −0.66 < δ < 0.66. This places specific restrictions on how large s 2 0 can be. For the zero-mean normal prior, s 0 =0.66/3 is still unreasonably large, and in general, even for prior distributions concentrated at these bounds,
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